This exnm contains 8 problemns with a total of 100 points. You can NOT use any
uotes, scralch papers, amd books [or the exam.

To receive more poits, your argiments should be ss clear and explicil as possible.
In case you want Lo quole any standard Lheoretns froan any advanced caleulus textlwoks,
Lriefly stale the narme (if any) oc Lhe contenl of Lthe theorem which yon would like Lo

apply.

I {10 points) Given Lhe function f: (0,00) =+ (0, co) defined as

r, il = is a posikive itrational nmber.

f{m] == ‘J{l - F:]![l +q1]1, if == Er

where p and ¢ have no cororoon factor and p, g € K,

Is f continsous al any positive itrational munber? Give your rensons,

II. {10 poinls) Given thesmooth wap £ : B — B defined as f{z, y, 2) = (u, v, 1), where

u=zc4+y +{z—1)*
v==z+y+ (2" - 32)
=2 +4*+2

Show that when {#,y, 2) is close Lo the point (0,1}, 1), we can solve 3,1,  in lenos
af 12, £, W and compuin ;—': + f—,f + % at the point {(u, v, w} = {0, -2 1}.

I (10 points} Given a conuected seb A © R™ and a condinnens Banction f : A = R
Clioose any m poinuts Ty, Tz, ..., Tm 30 tho sot A, Show thiat we can fisdd 2q, o €

A so that |
f(wo) = — {J{z() + f{z2) + . + [ (Tm)]

and

1wl = Y0l @ - )i

Hiul: Use the inleroediate Volue Theorem.



V.

Vi

ViL

VIIL

(10 points) A C? function f: R? — R is called harmonic on R? if we have

8’}' 0 f

2
7, T+ 52y Ty =0 forall (x,y) € R".

Assume that (To, %a) i8 a stricl local maxtinum for £ on R? and f is hannonic. Show
that all the sccond derivatives of [ vanish ab (zg, 1p).

(15 points) Let 4, B C R® with 4 compact and D closed. Assume AND = ¢, show

(1). (10 points) Thereisane > O such that d{z, y) =z -yl >e>0foralla € 4
and y € .

(2). (5 peinla) Is above Lrue if A and B are merely closed? If yes, prove il; if no,
give an example.

(15 points} Compute Lthe double integral

f fﬂ(-'r’ +y7) - dady

over Lhe region 1t bounded by the curves: zy =1, 2y =3, 22—y’ =1, 22 —y* = 4.

(15 points) Iind the maximum value of f(x,y, z) = z+y+z subject Lo the constraint
conditionsz? +y* =1, a + 2z = 1.

(15 poiits) Given the function f: R* — R defined as

Fi, i (z,0) # (0,0)
f(ﬂ?, y) =
0, if (.’II, y] = ([],ﬂ).

Is f differentiable at the point (0,0)? Give your reasons.  lHinl: Compulte % -0
f(t - v) for any vector v € R?,



