(1) (20pts) Let
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{1). Find all the eigenvalues of A.
(ii}. Find an invertible matrix P so that P~'AP is diagonal.

(2) (1opts) Let T : V — V be a linear transformation. Let /9T denote the image of T
Suppose that Jm'T is one dimcensional and {v} is a basis for {/mT.

(i). Show that if T has a uonzero cigenvalue A, then v is an etgenvector of 1" associated

to the eigenvalue A.
(ii). Show thal T? = 0 il and ouly if 'T' has no eigenvalue other than 0.

(3) (16pts) (i). Prove ihe Gauss' Lemma: Let f(x) be a monic polynomial in Z[z]. If f(x)

is reducible in Q[z] then it is reducible in Z{z].

(ii). Find all solutions of e inleger o so Lhat =* + az + 2 is reducible in Qfz].

(4) (15pls) Let 12 = Q[=], the polynonial ring over Q.
(i). Show thal every ideal of K is generaled by a polynomial.
(ii). Show that every nonzero prime ideal is generated by an irreducible polynomial,

(iii). Use (i} to show that if f{z), g(z) € Q[z] have ra cammon factor then ihere arc

polynoniials a(x), b(x) € Q[x] such that a{z)f(z) + b(z)g(x) = 1.

(iv). Show ihat every nonzero prime ideal is maximal.

(5) (10pts} Describe all finite abelion groups of arder 72 (Use Z,, to represent the cyclic

group of order n.).

(G) (10pts) Prove that if a gronp G of order 28 has a nonoal subgroup of order 4, then G

is abelian.

(7} (15pts}
(i). Prove that ° — 2 is irreducible in Q[z].
(ii). Factor z° — y° into a praduct of irreducible polynomials of Q[z, y|.
(i), [Find a spliiting field of 2% — 2 over Q.

(iv). If K is a spliLting field of £° — 2 over Q, then what is Lthe dogree of K over Q7



