There are 9 questions. Question 1-7 cach has 10} points. Question 8,9 each has 15
points. Please answer all questions. Below, the Euclidean space B™ n > 1. has the
usuai topology.

1. Prove that a topalogical space X is counected if and only if every non-empty
subset A ¥ X of X has a non-empty boundary.

2. Let {X,d) be a metric space. The distance between two subsets A, B of X is
denoted and defined by d{A, J) = inf{d(a,¥)| a € A, be B).

1) Give an example of two closed subsets A, B of R such that An B = @, and
d(A,B} =0,

~u) Let E,F C X be two compact sets such that ENF = @). Show that d{E, F) > 0.

3. True or False: The interior of a subset 4 of a topological space X coincides with
the inferior of its closure. If true, prove it. If not. give a counterexample.

4. Let X be a compact sel, and ¥ be a Hausdorff space. Let f: X —3+ ¥ Lea
one-to-one surjective contitmous function. Show that f is a homeomorphism.

o1} Let A C R™,n > 1 be an open connected set. Show that 4 is path-connected.
12} Give an cxample of o connected set B C R? such that I is not path-coniected.

6. Fore¢ = 1,2,3,---, let U; C R", n > 1, be a dense open set. Pruve Lhat their

intersection ﬂf:l {/; 15 a dense subset of R™

7. Give ' = {(z,y) € R? 2% + y* = 1} C R? the subspace topology. Prove that

St and 8! x S are not homcomorphie.
s, Fﬂ[‘ ;= ],2., ].F.'.'t ﬂf,&'i,ﬂf,df £ R, ani<l (ai}bi,ﬂi,di] ?5 {ﬂ,{],ﬂ.,':l}. L’Ct
Ei = {{w,z,y,2) C R qiw + bz + &y + diz — 0}

Suppose that Ey # I;. Show that the following three topological subspaces of R*:
R\ E1, R*\ (Ey U By}, and R*\ (£, N E;) are not homeomorphic to each other.

9. Let (X,d} be a compact metric space. Let f: X —3 X be a continuous IAp.
We say that f is an isometry if d{ f(x), f(¥)) = diz,y) for all z,4 € X. Show that
if f 15 an isometry, then f is surjective.



