1. Let 4 € R™" and B € R™*, - (20%)

{(a) Show thut rank (AR} < rank (A}

(h) Is it true rank {AB) < rank (B)? Explain. |

(¢) Show thal rank (4B) = rank {B) if and only if range () Nnull (A) = {0},
where range (B) is the coluinn space of B and null (4) is the nullspace of
A. (Hint: For any A € B™*", rank (4) + nullity {4) = n),

Let v =[1,-1,1,1], va = {3,-1,2,2] and va = [1, ~2, ¥, 2] be column vectors
of matrix 4 £ R*3. Find an orthogonal matrix ¢ € K¥** {(@7Q = I} and an
upper triangular matrix R such that A = QR. Find the projcction of

b = [5,—4,3, —1] on the subspace W == sp {v1, vz, v3}. Find the minimal

value of the least squares problei min Ax — b|. - (20%)
. X
Let 1, be the space of all polyrnomials of degree less than or equal (0 2 and
1" : Py —+ F; be the linear transformation defined by
T(o(c) = pla - 2+ 20(x). (20%)
(a) Find the matrix representation A of T rclative to the ordered basis
B = {221

() Find an invertible mattix C such that the matrix J = ¢~ AC is a Jordau
canonical form for the mwatrix 4 in (a).

(¢) Compute To T oT---aT(3~ 2z — a7},

N3 terinn

Let u and v be nonzero vectors in & and u?v # 0. Show that the
characteristic polynornial of the ma,tri:-c A=uv’ is

det{A — AI) = (=1)"A"" 1A — uTv). | (10%)

Let 4 be an n X n matrix. If v, v,,..., vp ore tigeuvectors of A
corresponding to distinct eigenvalues Ay, Ay, ..., Ay respectively. Prove that
the set {vy,va,...,Vn} is linearly independent. (10%)
Solve the linear differential system (10%)
dy -
% ; LoF Ey;. , with initiul condilion [g;gg; ] = ! 41 ] .
Fvaluote trace (A° + AB — BA+28% ), where (107%)
1 0 0 0 "1 1 1 17
-1 -1 0 0 0 2 2 2
A=l 5 | 3 4 ®B=1y 433
2 -1 =1 -2 | 00 0 4




