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1. (12%) Suppose that T': R* — R*is a linear transformation such that T'(e;) = v;
for i =1,2,3,4, where {e1, ey, e3, 4} is the standard basis for R* and

vi =(1,0,2,1), vo = (2,1,5,1), vs = (1,-1,1,2), vq4 = (1,2,4, -1).
Find the dimension of the range of T and find a basis for the kernel of T

2. (18%)

(a) Assume that the cubic curve y = az® + ba® + cz + d passes through the
points (—1,2), (0,5), (1,8), and (2, 23). Find the coefficients a, b, ¢, and d.

(b) Prove that there is a unique polynomial, y = ag+a;z+az?+ - - +an_12",
whose graph passes through n given points (z1,v;), (T2,%2), ..., (Tn, Yn),
provided that the z-coordinates are distinct.

3. (20%) Find the characteristic polynomial, minimal polynomial, and Jordan
canonical form of the following matrix

2 1 -2 =2

0 0 0 0
A=19 o5 —9
9 -2 2 &

4. (20%) Suppose that u = (1,2,3,4,5,6) and v = (1,-1,1,-1,1,-1) are (col-
umn) vectors in R® and A = uv? a 6 x 6 matrix.
(a) Show that u is an eigenvector of A. What is the corresponding eigenvalue?
(b) Show that 0 is an eigenvalue of A of (algebraic) multiplicity 5.

(c) Compute the trace of AS.

5. (15%) A bilinear form is defined on V = R3 by

1 20 U1
(u,v) = [ug,ug,usg] |2 2 2| [vg
0 2 3| [vs

for any vectors u = (u;, up, u3) and v = (vy, vy, v3) in V.

(2) Find a basis {v1, V2, vs} for V such that (v;,v;) = 0 for i # j.
(b) Is it true that (v,v) > 0 for any v in V? Give reasons.
6. (15%) A square matrix A is Hermitian if A* = A and it is normal if A*A = AA*,

where A* is the conjugate transpose of A. Show that a square matrix is Hermitian
if and only if it is normal and its eigenvalues are real.



