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Abstract

Several splitting criteria for binary classification trees are shown to be written as
weighted sums of two values of divergence measures. This weighted sum approach is then
used to form two families of splitting criteria. One of them contains the chi-squared and
entropy criterion, the other contains the mean posterior improvement criterion. Both
family members are shown to have the property of exclusive preference. Furthermore, the
optimal splits based on the proposed families are studied. We find that the best splits
depend on the parameters in the families. The results reveal interesting differences among
various criteria. Examples are given to demonstrate the usefulness of both families.
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1 Introduction

Various criteria have been proposed for split selection of growing classification trees. Kass
(1980) uses a testing procedure based on Pearson’s chi-squared statistic to choose the best
multi-way splits. Breiman, Friedman, Olshen and Stone (1984) introduced CART which pro-
vides the Gini and twoing criterion to choose. Likelihood is used to form a criterion in Ciampi,
Chang, Hogg and McKinney (1987), Clark and Pregibon (1992), and Quinlan (1993). Tay-
lor and Silverman (1993) proposed the mean posterior improvement (MPI) criterion as an
alternative to the Gini rule. Loh and Vanichsetakul (1988) and Loh and Shih (1997) em-
ploy statistical tests to select splits. Some splitting rules are compared in Fayyad and Irani
(1992), Buntine and Niblett (1992), and Loh and Shih (1997).

A weighted sum approach is considered in this paper. It is shown in Section 2 that several
aforementioned criteria can be written as weighted sums of two divergence values. As results,
this unified approach can be used to form families of splitting criteria for classification trees.
Some properties of these families are studied in Section 3 and 4. One simulation and two real
data sets are given as examples in Section 5 to demonstrate the advantage of the proposed
families. Conclusions are given in Section 6.

2 Weighted sum of two divergence values

In this paper, only binary splits are considered. Suppose there are totally N objects in a node
and there are 1, 2, . . . , J classes. Let Nj be the number of class j objects. For every binary
split, it creates two subnodes L and R with the numbers of objects NL and NR, respectively.
Let πL and πR be the proportion that are placed into L and R, respectively. Denote Njk
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be the number of class j objects that are in node k ∈ {L,R}. The relative proportion of
class j in the root node is defined as pj while that in the subnode k is defined as pjk. We use
p = (p1, . . . , pJ ) as the proportion vectors in the root node and pk = (p1k, . . . , pJk), k ∈ {L,R}
as the proportion vector in the subnodes.

After the set of candidate splits is decided, a goodness of split measure is performed to
select the best split. Note that the more heterogeneous a split makes two candidate children
nodes, the more it should be rewarded. Moreover, the compositions of the two children nodes
can be treated as a J × 2 contingency table. Thus, any statistic for testing homogeneity
of a J × 2 contingency table will be a suitable choice as measure. To incorporate priors, a
generalized version of Pearson’s chi-squared statistic is discussed in the following.

First, let us assume the priors are estimated. The expected value of Njk is given by
mjk = NjNk/N for k ∈ {L,R}. We adopt the convention (Njk − mjk)2/mjk = 0, when
Nj = 0. Then Pearson’s chi-squared statistic can be rewritten as

X2/N = πL

J∑
j=1

pjL(pjL/pj − 1)

+ πR

J∑
j=1

pjR(pjR/pj − 1),

where πL = NL/N, πR = NR/N , pj = Nj/N, andpjk = Njk/Nk, k ∈ {L,R}.
Let u = (u1, u2, . . . , uJ) and v = (v1, v2, . . . , vJ ) be two discrete probability distributions.

Define the divergence measure for u and v to be

d(u : v) =
J∑

j=1

uj(uj/vj − 1).

We adopt the convention uj(uj/vj − 1) = 0 when uj = vj = 0. The generalized version of
Pearson’s chi-squared statistic is defined as

X2 = N{πLd(pL : p) + πRd(pR : p)}.
That is, X2 is proportional to a weighted sum of two values of the divergence measure.
Similarly, the generalized version of the likelihood ratio statistic G2 is defined as

G2 = N{πLd(pL : p) + πRd(pR : p)},
with the divergence measure

d(u : v) = 2
J∑

j=1

uj log(uj/vj),

where uj log(uj/vj) is defined to be 0 when uj = vj = 0. This statistic is also known as the
entropy or deviance criterion (Clark and Pregibon, 1992).

In CART, the Gini index is

i(p) =
∑
j �=l

pjpl = 1 −
J∑

j=1

p2
j .
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Thus the Gini criterion function

i(p) − πLi(pL) − πRi(pR)

can be written as

πL

J∑
j=1

p2
jL + πR

J∑
j=1

p2
jR −

J∑
j=1

p2
j

which can also be written in terms of a weighted sum of two values as

πLd(pL : p) + πRd(pR : p),

where d(u : v) =
∑

j(u
2
j − v2

j ).

3 Families of splitting criteria

Basically, any divergence measure can be used to form a proper measure of goodness of
split. The theoretical properties of various divergence measures of two discrete probability
distributions are discussed in depth in Read and Cressie (1988, Section 7.4). In this section,
two families of splitting criteria are constructed.

Definition 1 Let u and v be two discrete probability distributions defined on the (J − 1)-
dimensional simplex ∆J = {π|π = (π1, π2, . . . , πJ) with πj ≥ 0 and

∑
j πj = 1, where 1 ≤

j ≤ J}. The power divergence for u and v is

Iλ(u : v) =
1

λ(λ + 1)

J∑
j=1

uj{(uj/vj)λ − 1}; −1 < λ < ∞,

where the value at λ = 0 is taken to be the continuous limit as λ → 0. Thus, I0(u : v) =∑J
j=1 uj log(uj/vj). The value uj{(uj/vj)λ − 1}/λ = 0, if uj = vj = 0.

The original power-divergence family is defined on the real line (Read and Cressie, 1988).
We only consider λ > −1, because the value of power divergence is infinity when λ ≤ −1
with ui = 0 and vi �= 0 for some i. We have shown that X2 (λ = 1) and G2 (λ = 0) belong
to this family. Various other goodness-of-fit statistics are also in this family. For example,
Freeman-Tukey statistic F 2 (λ = −1/2) and Cressie-Read statistic (λ = 2/3) (see Read and
Cressie (1988) and references therein).

A split shall be rewarded more if it leads to two children nodes that are mutually exclusive.
Based on this idea, Taylor and Silverman (1993) give the following definition of the exclusivity
preference property.

Definition 2 A splitting criterion has the exclusivity preference property, if the following
two conditions are satisfied.

1. Given πLπR, it takes its maximum value when
∑

j pjLpjR = 0.

2. It takes its minimum value when pjL = pjR = pj,∀j.
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Based on the power-divergence family, we can define a family of splitting criteria via weighted
sums. This family is defined as

C(λ) ≡ πLIλ(pL : p) + πRIλ(pR : p), −1 < λ < ∞.

Theorem 1 C(λ) has the exclusivity preference property.

Proof. Rewrite C(λ) as

C(λ) =
1

λ(λ + 1)

J∑
j=1

{πLpjL[(pjL/pj)λ − 1] + πRpjR[(pjR/pj)λ − 1]}.

Without lost of generality, we can just consider the first term in the summation. For fixed
πL = 1 − πR �= 0, let x = p1L, y = p1R, α = πL, and β = πR. Thus p1 = αx + βy which is a
nonzero constant. Therefore, the first term in the summation becomes

1
λ(λ + 1)

{αx[(x/p1)λ − 1] + βy[(y/p1)λ − 1]}.

Since p1 is a constant, we could just consider the following function.

f(x) =

{
1

λ(λ+1){αx(λ+1) + (1/β)λ(p1 − αx)(λ+1)} if λ �= 0

αx log(x/p1) + β(p1 − αx) log{(p1 − αx)/(p1β)} if λ = 0

It is straightforward to see that f(x) has a minimum at x = p1 and a maximum at x = 0 or
x = p1/πL which is equivalent to y = 0.

The second condition of Definition 2 is also proved to be satisfied for the Gini crite-
rion (Breiman et al., 1984, Proposition 4.4). However, an example in Section 6 shows that
the Gini criterion does not satisfy the first condition of Definition 2.

The MPI criterion also has the exclusivity preference property (Taylor and Silverman,
1993). We now show that it is actually a special member of a family of splitting criteria, too.
The MPI splitting criterion is defined as

M = πLπR(1 −
J∑

j=1

pLjpRj/pj).

Substituting (pj − πLpLj)/πR for pRj , the summation term becomes

1 − πL/πR

J∑
j=1

{pLj(pLj/pj − 1)}.

Therefore, the MPI criterion is M = 2π2
LI1(pL : p). By replacing pLj = (pj − πRpRj)/πL in-

stead, we also obtain that M = 2π2
RI1(pR : p). Therefore, the MPI criterion can be rewritten

as a weighted sum of two values. That is

M = 2π2
LI1(pL : p)

= 2π2
RI1(pR : p)

= πL{2π2
RI1(pR : p)} + πR{2π2

LI1(pL : p)}.
A new family of splitting criteria can therefore be defined as

D(λ) ≡ πL{π2
RIλ(pR : p)} + πR{π2

LIλ(pL : p)} = πLπRC(λ), −1 < λ < ∞.

4



Statistics and Computing, 1999, Vol 9, pp. 309-315

Theorem 2 D(λ) has the exclusivity preference property.

Proof. By similar argument of Theorem 1 with f(x) being replaced by

1
λ(λ + 1)

{βα2x(λ+1) + αβ2[(p1 − αx)/β]λ+1}.

4 Optimal splits

In real world, the set of candidate splits are restricted, for example, univariate or linear. If
all possible splits are allowed, it is also of interest to know what split corresponding to the
maximum value of C(λ) or D(λ). It is shown in this section that the behavior of optimal splits
of these families is dependent on the value of parameter λ. Based on C(λ), the criteria favor
splits that balance the sizes of two subnodes, if −1 < λ < 1 and prefer splits that channel the
smallest class into one pure node and all the other into the other node, with 1 < λ. If λ = 1,
the criterion becomes the chi-squared criterion which favors splits that send the classes into
two disjoint subnodes. Similarly, the criterion based on D(λ) favors splits that balancing the
sizes, if −1 < λ ≤ 1 and prefers splits that lead the smallest class into one pure node if λ ≥ 2.

From Theorem 1, it is known that the optimal splits do not split classes. Let L be the set
of classes that is channeled into the left node and α = πL. Then

max
0<α<1

C(λ) = max
0<α<1

1
λ(λ + 1)

{
∑
j∈L

pj(α−λ − 1) +
∑
j∈Lc

pj[(1 − α)−λ − 1]}

= max
0<α<1

1
λ(λ + 1)

{α(α−λ − 1) + (1 − α)[(1 − α)−λ − 1]}.

Denote

g(α) =

{
1

λ(λ+1){α1−λ + (1 − α)1−λ − 1} if λ �= 0
1
2{−α ln α − (1 − α) ln(1 − α)} if λ = 0.

(1)

Lemma 1 g(α) attains its maximum values at the following points. (1) α = 1/2, if −1 <
λ < 1. (2) α = minj pj, if 1 < λ < ∞. Moreover, g(α) is a constant function, if λ = 1.

Proof. The second derivative of function g follows

g′′(α) =
λ − 1
λ + 1

{α−λ−1 + (1 − α)−λ−1}. (2)

For −1 < λ < 1, observe that g(α) is symmetric with respect to 1/2 and is a concave function.
Therefore g(α) has a maximum at α = 1/2. For the case 1 < λ < ∞, by equation (2), g
is a convex function which indicates g(α) has a maximum at the boundaries α = minj pj or
α = 1−minj pj . By the symmetric property of g(α) with respect to 1/2, g(α) has a maximum
at α = minj pj. Furthermore, when λ = 1, g(α) is a constant function.

Theorem 3 The optimal split based on C(λ) has the following properties.

1. It sends the classes to two disjoint subsets L,Lc ⊂ {1, 2, . . . , J} such that L minimizes
|∑j∈L pj − 1/2|, if −1 < λ < 1.

2. It sends the classes to two disjoint subsets, if λ = 1.
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3. It sends the class i such that pi = minj pj to one subnode and all the other classes into
another subnode, if 1 < λ < ∞.

Proof. By Lemma 1 and the fact that g(α) is concave for −1 < λ < 1.

Breiman (1996) shows that part (1) is also true for the twoing criterion and part (3) is
true for the Gini criterion by replacing minj pj with maxj pj.

Theorem 4 The optimal split based on D(λ) has the following properties.

1. It sends the classes to two disjoint subsets L,Lc ⊂ {1, 2, . . . , J} such that L minimizes
|∑j∈L pj − 1/2|, if −1 < λ ≤ 1.

2. It sends the class i such that pi = minj pj to one subnode and all the other classes into
another subnode, if λ ≥ 2.

Proof. By equation (1), we have

max
0<α<1

D(λ) = max
0<α<1

α(1 − α)g(α).

Let h(α) = α(1 − α)g(α). By Lemma 1, we know that both α(1 − α) and g(α) attain their
maximum values at α = 1/2 if −1 < λ ≤ 1. Thus, we only need to study the case for λ > 1.

The second derivative of h follows

λ(λ + 1)h′′(α) = (λ − 2){λ − 1 − α(λ − 3)}α−λ + (λ − 2){α(λ − 3) + 2}(1 − α)−λ + 2.

We have h′′(α) > 0 for all α ∈ (0, 1) and λ ≥ 2. Thus h is a convex function for λ ≥ 2. Since
h(α) is symmetric with respect to 1/2, h(α) has a maximum at α = minj pj .
Remark. As for 1 < λ < 2, let

η(λ) = h′′(1/2) = 2λ(1 − 2/λ) + 2/{λ(λ + 1)}

=
2λ(λ − 2)(λ + 1) + 2

λ(λ + 1)
.

Since η(1) < 0, η(2) > 0 and η′(λ) > 0, η(λ) has only one root between 1 and 2. Let
λ0 ∈ (1, 2) be the solution of η(λ) = 0. We then have, η(λ) = h′′(1/2) < 0, if λ < λ0.

Moreover, λ − 1 − α(λ − 3) ≥ 1
2(λ + 1) and α(λ − 3) + 2 ≥ 1

2(λ + 1) for all α ∈ (0, 1/2].
Since h′′(α) = h′′(1 − α) and α−λ + (1 − α)−λ ≥ 2λ,

1
λ − 2

h′′(α) ≥ 1
2λ

α−λ +
1
2λ

(1 − α)−λ +
2

λ(λ + 1)(λ − 2)

≥ h′′(1/2)
λ − 2

.

Hence, h′′(α) ≤ h′′(1/2) < 0 for all λ ∈ (1, λ0) and α ∈ (0, 1). That is, h is a concave function
for λ ∈ (1, λ0). We conclude that part (1) of Theorem 4 still holds for −1 < λ < λ0 ≈ 1.79346.
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5 Case studies

Three examples are given in this section to compare the performance of the Gini, MPI, chi-
squared, and entropy criterion. The first one is a simulation. The other two consist of real
data studies. For real data sets, all the results are produced by using univariate exhaustive
search, ten-fold CV pruning, and 1-SE rule as described in Breiman et al. (1984). Priors
are estimated from the data. It is shown that, as far as simplifying splits are concerned, the
chi-squared or entropy criterion performs better than the other two criteria.

5.1 Simple example

The following example given in Taylor and Silverman (1993) shows that the Gini criterion
does not have the exclusivity preference property. Suppose we gather 80 observations, 40
of class 1, 20 of class 2 and 10 each of classes 3 and 4. Two splits are compared each with
πR = 0.25. Split A channels all the class 3 and 4 into the right node while Split B places 17
class 2 and 3 class 4 into it. The following summary is obtained for various splitting criteria.

Gini MPI G2 X2

Split A 0.198 0.188 1.000 0.562
Split B 0.209 0.129 0.690 0.380

The values are computed up to proportional constants. In practice, Split A is preferred to
Split B. However, the Gini value is higher for Split B.

5.2 Genus Chaetocnema data

This data set is from Lubischew (1962) and is used in Taylor and Silverman (1993). The
data set consists of three species of male flea-beetles of the genus Chaetocnema. There are 21
Chaetocnema concinna, 31 Chaetocnema heikertingeri, and 22 Chaetocnema heptapotamica
beetles. Six variables are selected to discriminant between the three species. The classifica-
tion tree obtained by using the Gini, entropy, or MPI criterion is shown in Figure 1. The
classification tree obtained by using the chi-squared criterion is shown in Figure 2.

The root split in Figure 2 reduces the problem from a three class problem to a two class
problem. It is more simple than that in Figure 1, although the ten-fold CV error rates of the
two trees are not different significantly.

Figure 1 and 2 about here

5.3 Wine recognition data

This data set consists of three types of wines grown in the same region of Italy. For each type,
13 constituent variables are measured. The data set is obtained from UCI repository (Merz
and Murphy, 1996) and is used in Aeberhard, Coomans and de Vel (1993). There are 59
type 1, 71 type 2 and 48 type 3 observations. The trees obtained by using the Gini, MPI,
chi-squared, entropy criterion are presented in Figure 3, Figure 4, Figure 5, and Figure 6,
respectively. The results show that the root splits of Figure 5 and 6 are again more simple
than those of Figure 3 and Figure 4. Furthermore, in Figure 3, the split chosen for the right
children node of the root (X11 ≤ 0.64) may not be a good choice. Based on simplicity and
error rate, the tree based on the entropy criterion is clearly the winner among them.
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Figure 3, 4, 5 and 6 about here

6 Conclusions

Two families of splitting criteria for classification trees have been proposed. They contain the
chi-squared, entropy, and mean posterior improvement criterion as special cases. Both families
possess the property of exclusive preference which is not owned by the popular Gini criterion.
Examples are given to show that some proposed criteria can improve the interpretation of
classification trees. In one case, the accuracy of classification trees produced by the family
members are even better than that obtained by the Gini criterion.

The main strength of tree-structured classification is that it provides understanding and
insight of the data (Breiman et al., 1984; Hand, 1997). More insight can be obtained by using
several different splitting criteria. The proposed families can certainly serve this need.
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Figure 1. Chaetocnema tree produced using the Gini, entropy, or MPI splitting criterion.
The triple beside each terminal node gives the number of concinna, heikertingeri, and
heptapotamica respectively, in the node. Its ten-fold CV error rate is 0.068 ± 0.029.

Figure 2. Chaetocnema tree produced using the chi-squared splitting criterion. The
triple beside each terminal node gives the number of concinna, heikertingeri, and hep-
tapotamica respectively, in the node. Its ten-fold CV error rate is 0.041 ± 0.023.

Figure 3. Wine tree produced using the Gini splitting criterion. The triple beside each
terminal node gives the number of type 1, 2, and 3 respectively, in the node. Its ten-fold
CV error rate is 0.127 ± 0.025.

Figure 4. Wine tree produced using the MPI splitting criterion. The triple beside each
terminal node gives the number of type 1, 2, and 3 respectively, in the node. Its ten-fold
CV error rate is 0.101 ± 0.023.

Figure 5. Wine tree produced using the chi-squared splitting criterion. The triple beside
each terminal node gives the number of type 1, 2, and 3 respectively, in the node. Its
ten-fold CV error rate is 0.073 ± 0.020.

Figure 6. Wine tree produced using the entropy splitting criterion. The triple beside
each terminal node gives the number of type 1, 2, and 3 respectively, in the node. Its
ten-fold CV error rate 0.084 ± 0.021.
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